We study the homogenization (or upscaling) of the transport of a multicomponent electrolyte in a dilute Newtonian solvent through a deformable porous medium. The pore scale interaction between the flow and the structure deformation is taken into account. After a careful adimensionalization process, we first consider so-called equilibrium solutions, in the absence of external * This research was partially supported by the project DYMHOM 2 (De la dynamique moléculaire, via l'homogénéisation, aux modèles macroscopiques de poroélasticité etélectrocinétique) from the program NEEDS (Projet fédérateur Milieux Poreux MIPOR), GdR MOMAS and GdR PARIS. G. A. is a member of the DEFI project at INRIA Saclay Ile-de-France. The authors would like to thank Ch. Moyne (LEMTA, Nancy Université) and O. Bernard, V. Marry, B. Rotenberg and P. Turq from the Modélisation et Dynamique Multi-échelles team from the laboratory PHENIX (PHysicochimie des Electrolytes et Nanosystèmes InterfaciauX), UMR CNRS 8234, Université P. et M. Curie, for helpful discussions. 1 forces, for which the velocity and diffusive fluxes vanish and the electrostatic potential is the solution of a Poisson-Boltzmann equation. When the motion is governed by a small static electric field and small hydrodynamic and elastic forces, we use O'Brien's argument to deduce a linearized model. Then we perform the homogenization of these linearized equations for a suitable choice of time scale. It turns out that the deformation of the porous medium is weakly coupled to the electrokinetics system in the sense that it does not influence electrokinetics although the latter one yields an osmotic pressure term in the mechanical equations. As a consequence, the effective tensor satisfies Onsager properties, namely is symmetric positive definite.
Introduction
Effective modeling of the transport of an electrolyte through an electrically charged porous medium is an important and well-known multiscale problem in geosciences and porous materials modeling (see for instance the textbook [20] ). It was studied by many authors and most of them assume that the N -component electrolyte, which is a dilute solution of N species of ions in a fluid, saturates a rigid charged porous medium. Here, we depart from this usual assumption by considering a deformable porous medium.
Our motivation comes from the study of nuclear waste disposals. In such a case, the host material is clay, which carries surface charges, and its pore size is typically a few hundred nanometers or even less. It means that the flow takes place in the electrostatic diffuse layer. To characterize and model the effective responses of porous materials to mechanical and physicochemical stresses, we first consider the pore modeling, including flow, convection, molecular diffusion, electrostatic effects, physical constraints on argillaceous rocks, and then upscale it by applying the homogenization method. Our strategy is to exploit the natural occurrence of two very different spatial scales, namely the macroscopic scale and the scale of the average pore diameter and, by means of an asymptotic process, to deduce the effective behavior of a deformable porous solid, with small pores, through which a charged liquid flows, in the presence of an electric field. The main objective of the present research is to rigorously obtain homogenized models (i.e. valid at the macroscopic level) for the fluid-structure system in the presence of ion transport. The advantage of homogenization is clear: to obtain a mathematical model that does not rely on ad hoc assumptions, but based on physical reasoning.
There is a long history of rigorous homogenization methods for the modeling of porous media. The macroscopic description of fluid flows in porous media frequently relies on the law of Darcy filtration. This model was justified using the theory of homogenization (see [5] , [39] , [41] ). The fundamental assumption in these works is that the solid matrix is rigid. The case of deformable porous media is more complicated and much research is devoted to this subject. Removing the assumption of rigid skeleton and replacing it with a linear elastic solid, a hierarchy of macroscopic models emerge [11] according to flow and deformation regimes. Historically the problem has first been studied by Biot, who proposed a linear macroscopic model, which couples the fluid pressure and the displacement of the solid skeleton (see the selection of Biot's papers in [44] ). The model was justified under the assumption of linear elastic skeleton and infinitesimal deformations at pore scale. The last assumption greatly facilitates the use of the homogenization method (see [24] and previous works quoted therein) because the position and direction of the normal to the fluid-solid interface does not change. The assumption of small displacement of the fluid-solid interface, in relation to the pore size, also preserves other important properties such as the periodicity of the unit cell. Here we adhere to the setting of [24] .
If one is interested in transport through a quasi-static electrically charged porous medium, then there is also an extensive literature on the subject. We mention the series of articles by Adler et al. on the determination of the effective coefficients [2] , [3] , [10] , [13] , [17] , [23] , [38] . For rigid porous media, recent progresses have been achieved with the method of two-scale asymptotic expansions. Looker and Carnie gave in [22] an effective model with an Onsager tensor obtained as follows: they first apply O'Brien linearization [32] to the nonlinear Poisson-Nernst-Planck equations and, second, formally derive the homogenized model by means of two-scale asymptotic expansions applied to the linearized microscopic model. The rigorous derivation, with convergence of the homogenization process and a proof of the Onsager reciprocity principle, appeared in [6] (see also [7] for numerical simulations and a sensitivity analysis of the homogenized tensor, on top of the previously quoted papers of Adler at al. and references therein). Note also the related works of Gagneux et al. [16] , Ray et al. [35] , Schmuck [40] and Timofte [42] , [42] with different asymptotic scalings.
After these recent advances in multi-scale modeling of electrokinetic effects in rigid porous media, it is natural to turn to deformable porous media, which represent a more realistic model (able to take into account, for example, swelling effects). Moyne and Murad have examined the case of non-linear electro-osmosis in periodic deformable porous media, without linearization, in a series of papers [25] , [26] , [27] , [28] , [29] . A formal two-scale asymptotic expansion has been applied and a coupled non-linear two-scale system of partial differential equations was obtained. Because of its complexity, this homogenized model is difficult to analyze or use in numerical practice. Moreover, the nonlinear character of Poisson-Nernst-Planck equations was preserved while the fluid-structure interaction was linearized. Note that, in the applied literature (see e.g. [30] , [34] ), most existing models are linear and correspond to larger pores. They are usually constructed assuming Onsager relations between the Darcy velocity and ionic current flows, on the one hand, and gradients of electrical potential, pressure and ionic concentrations, on the other hand. Then, the concentration gradients are added in Biot's equations, and the weighted potential gradient is added to the pressure gradient in the mass balance equation.
The content of our paper is the following. In Section 2 we introduce the microscopic model at the pore scale. It is a coupled system involving the Stokes equations for the incompressible fluid saturating the porous medium, the linearized elasticity equations for the deformable porous structure, Poisson equation for the electrostatic potential and the Nernst-Planck or convectiondiffusion equations for the N charged species in the fluid. The system is quasi-static which means that no inertial effects are taken into account except for the mass balance of each species. For simplicity, we consider an ideal model for the electrokinetic description of the electrolyte (by opposition to the more complex and realistic MSA model, see Remark 1 for further details). One tricky aspect of the fluid-structure modeling is the choice of the advection velocity. We rely on the Arbitrary Lagrangian Eulerian formalism to settle this issue (more details are provided in Section 11 which reviews some classical notions in this setting). In Section 3 the equations of Section 2 are adimensionalized and the geometry of the porous medium is made precise. As usual in homogenization, the porous medium is assumed to be periodic and ε denotes the small parameter which is the ratio of the periodic (microscopic) lengthscale and of a characteristic macroscopic lengthscale. We postpone to Section 6 the choice of the time scaling (which has to be related to the ε parameter) since it is a delicate modeling issue which deserves its own section. In any case, such a choice is not yet necessary for establishing the so-called equilibrium solutions which are, by definition, stationary.
Section 4 is devoted to the computation of the equilibrium solutions, which correspond to vanishing applied forces. The only driving mechanism is the constant surface charge of the pore boundaries.
In such a case, the system is reduced to the famous Poisson-Boltzmann equation which is non-linear monotone and classically admits a unique solution [21] . This steady-state electrostatic distribution induces, through the Maxwell stress tensor (or osmotic Donnan pressure), a small elastic displacement of the solid skeleton of the porous medium. In Section 5, following the seminal work of O'Brien [32] , we linearize the nonlinear model of Section 2 around the previously found equilibrium solutions. At this stage, we obtain a complicated, fully coupled, linear system of partial differential equations. It is now crucial to choose the time scaling. One of the main originality of our work is to perform a careful study of the possible time scalings in Section 6. Because of our view to possible applications in nuclear waste storage, we choose a characteristic time scale of the order of hundred thousands years which is clearly much larger than Terzaghi's time scale (related to vibrations of the porous medium and of the order of a few seconds) but turns out to be also larger than the diffusive time scale of the order of one month. As a consequence of these scaling assumptions, some time derivatives drop out in the linearized system (see Lemma 7) and it decouples into a standard electrokinetic system (as already studied in [22] , [6] , [7] plus an equation for the elastic perturbation and one for the potential perturbation.
It turns out that the decoupled electrokinetic system can be homogenized as in [22] , [6] , [7] and we recall these results in Section 7. In Theorem 10 we give the main convergence result while Proposition 11 gives the homogenized equations and states the Onsager reciprocity relations for the homogenized tensor. In Section 8 we give a new result on the homogenization of the perturbation of the electrostatic potential (see Theorem 14) , which is necessary to deduce the homogenized equation for the elastic displacement. The latter one is obtained in Section 9 (see Theorem 17) and relies on the methods developed by Mikelić et al. [12] , [18] , [19] , [24] to obtain the equations of Biot. The global homogenized system is assembled in Section 10, and its dimensional version is also proposed for practical applications. We also explain how to change the variables from ionic potentials to concentrations which are more familiar to practitioners. Eventually, Section 11 recalls some notations and results for the Arbitrary Lagrangian Eulerian formalism which is crucial to give a precise model of fluid-structure interaction at the pore scale.
Equations of the model
In this section we precisely describe the equations of our model, describing at the pore scale the electro-chemical interactions of an N -component electrolyte in a dilute Newtonian solvent within a deformable solid skeleton. Our model is similar to that in [26] . The porous medium is denoted by Ω, a bounded domain in R d (d = 2, 3 the space dimension): it is composed of the pore space Ω p , filled with the fluid, and of the solid skeleton Ω s = Ω \ Ω p . The fluid/solid interface is denoted by Γ = ∂Ω p ∩ ∂Ω s . Our first modelling assumption is to consider a quasi-static regime as far as the mechanical equations are concerned. In other words, we neglect inertial effects for both the fluid and the solid (this is consistent with the time scale associated to a nuclear waste repository, see Section 6). Only the species mass balance will involve a time derivative term.
We start with the following Eulerian mass conservation law, for each species indexed by i,
where n i is the ith species concentration, w is the convective velocity and j i is its migration-diffusion flux. (Calling (1) a mass balance equation is a slight abuse of language since it is rather a conservation law for the number of particles.) In a rigid porous medium the convective velocity is equal to the hydrodynamic velocity but, as we shall see, it is not the case in a deformable porous medium.
The migration-diffusion flux j i is given by the following relationship
where D 0 i is the diffusion coefficient for the i-th species, z i is the valence, e is the elementary charge (−e is the electron charge), k B is the Boltzmann constant, T is the absolute temperature and µ i is the chemical potential given by
where µ 0 i is a constant (the standard chemical potential expressed at infinite dilution). Furthermore, on the fluid/solid interface Γ a no-flux condition holds true
The electrostatic potential Ψ is calculated from Poisson equation with the electric charge density as bulk source term
where E = E 0 E r is the dielectric constant of the solvent. The corresponding electrical field is E = −∇Ψ. A surface charge −Σ is assumed to be given at the pores boundaries Γ, namely the boundary condition reads
where ν is the unit exterior normal to Ω p . The various parameters appearing in (1)-(6) are defined in Table 1 . All quantities are given in SI units. For physical reasons, all valencies z j are assumed to be integers. We rank them by increasing order and we assume that there are both anions and cations, namely positive and negative valencies, [14] for more details. A study of its homogenization in the case of a rigid porous medium can be found in [9] . More precisely, the MSA model replace (3) by
with γ j being the activity coefficient of the species j. The diffusive flux (2) is replaced by [9] . For the sake of brevity we expose the ideal case in the sequel.
The solute velocity is given by the incompressible Stokes equations with a forcing term made of an exterior hydrodynamical force f and of the electric force applied to the fluid thanks to the charged species
where ρ f > 0 is the fluid density, f is the external body force, v is the fluid velocity and p is the fluid pressure. Adding to the usual viscous stress tensor the Maxwell tensor, we define the full stress tensor of the fluid phase
where E = −∇Ψ and e(v) = 1/2 (∇v + (∇v) * ) . With this notation the momentum equation (10) can be rewritten
since the Poisson equation (5) yields
which, in turn, implies (13) . We now turn to the linearized elasticity equations for the solid skeleton. We give here the result of a more detailed analysis in Section 11, which takes into account the difference of modelling, Eulerian for the fluid and Lagrangian for the solid, and fortunately simplifies under our standing assumption of small displacement and deformation. Let u s be the elastic displacement. The strain tensor is e(u s ) = 1/2 (∇u s + (∇u s ) * ), while the stress tensor is
where A is a 4th order symmetric positive definite tensor. As usual, we assume an isotropic tensor, A ijkl = 2µδ ik δ jl + λδ kl δ ij , where µ and λ are the Lamé moduli. The linearized elasticity equations take the form
It remains to give the interface transmission conditions on Γ. As usual we enforce continuity of the velocities and of the normal stresses, namely
The last delicate point is to define the convective velocity w, appearing in the mass balance (1) for each species. As is common in fluid-structure modeling, we rely on an ALE (Arbitrary Lagrangian Eulerian) formalism, as explained in Section 11. In other words, extending the solid velocity to the fluid part, the convective velocity is defined by
All equations and interface conditions are now specified. The last step is to define boundary conditions on the exterior boundary ∂Ω. For simplicity we assume that Ω = (0, L) d (d = 2, 3 is the space dimension), L > 0 and at the outer boundary ∂Ω we set periodic boundary conditions
The applied exterior potential Ψ ext (x) can typically be linear, equal to E ext · x, where E ext is an imposed electrical field. Note that the applied exterior force f appears both in the Stokes equations (10) and in the elasticity equations (16) .
Due to the complexity of the geometry and of the equations, it is necessary for engineering applications to upscale the system (1)- (6), (10)- (11), (15)- (19) . In order to do so, it is a common practice to assume that the porous medium has a periodic microstructure. More precisely, we assume that Ω, Ω p , Ω s are periodic of period ℓ > 0 in all space directions. One can interpret ℓ as the characteristic size of the pores in the porous medium. For simplicity we suppose L/ℓ ∈ N, so that the domain is fully covered by entire cells. More detailed assumption will be made in the next section, after adimensionalization, for the simplicity of the exposition.
Non-dimensional form
We now give a non-dimensional form to the equations of Section 2 which will be later ready for linearization and homogenization. We follow the approach of our previous works [6] , [7] (which were restricted to the case of a rigid porous medium) and we extend it to the case of a deformable medium following the adimensionalization process of the pore scale fluid-structure system as in [24] .
We start by adimensionalizing the geometry. Let L c be a characteristic size of the porous domain Ω. We rescale the space variable by setting
Lc (we shall drop the primes for
d , which we continue to denote by Ω. We define a small adimensional parameter
which is precisely the period of the periodic porous domain Ω ε . We now define the geometrical structure of Ω and
Let Y s (the solid part) be a closed subset ofȲ and Y F = Y \Y s (the fluid part). We denote by S the fluid/solid interface Note that, in dimension d = 2 the solid part cannot be connected if we assume that the fluid part is. This will imply that, in the case d = 2, the elastic displacement is defined up to an additive constant in each connected component of the solid part.
The
is homothetic to Y , by the linear homeomorphism Π ε i (that is set by translation and homothety of ratio 1/ε). We define
For sufficiently small ε > 0 we consider the set of indices
The domains Ω ε s and Ω ε represent, respectively, the solid and fluid parts of the porous medium Ω, while S ε is its fluid-solid interface.
We now turn to the adimensionalization of the physical variables. We denote by n c a characteristic concentration and we define the Debye length
Following [20] , we introduce the characteristic potential ζ, the characteristic surface charge Σ c , the characteristic electric field E c and the adimensional parameter β (related to the Debye-Hückel parameter κ = 1/λ D ), as follows
Note that the formula for Σ c directly comes from (6) and that the formula for E c is equivalent to E c = ζ/L c . We introduce a characteristic pressure and velocity as
Let Λ be the characteristic size of the elastic moduli and u s c the characteristic elastic displacement. In the porous medium we expect the pressure to be the dominant part of the fluid stress and to balance the elastic contact force at the interfaces. Consequently, the interface condition (18) 
Using the data from Table 1 yields
as explained in Section 11. In other words we can use a simple linear model in an ALE (Arbitrary Lagrangian Eulerian) formulation.
The imposed forcing terms are the surface charge density Σ (having the characteristic value Σ c ), the static electrical potential Ψ ext and the applied fluid force f . We then introduce adimensionalized forcing terms
and adimensionalized unknowns
For the dimensionless electrical field we set E ε = ∇Ψ ε , which is consistent with our definition of the characteristic electric field E c .
Concerning time we introduce three time scales. First, T c is the characteristic time scale of observation. Its precise order of magnitude for our motivation (underground nuclear waste storage) will be discussed later in Section 6. It is used to rescale the time variable by setting t ′ = t Tc (we shall drop the primes for simplicity in the sequel). Second, we introduce a diffusion time scale
Third, we define the so-called Terzaghi's time scale
which is related to the equilibrium between fluid and solid stresses at the interface (see Remark 3 and Section 6 for comparisons).
We decompose the fluid velocity v as
where w ε is the relative flow velocity and ∂u ε ∂t ′ is the extended structure velocity. The above definitions of ε, λ D and p c imply that Eζ
which is equivalent to say that the Maxwell stress tensor is of the same order of magnitude as the viscous stress tensor (this relation is useful in deriving (25) below). The dimensionless equations for hydrodynamical and electrostatic part are thus
Concerning the transport equation, we defined the Peclet number for the j-th species by
which shall be assumed to be of order 1 as ε goes to zero (this is consistent with our data, see Section 2 in [6] ). Using the diffusion time (24), we obtain the dimensionless form of equation (1): 
Equilibrium solution
The goal of this section is to find a so-called equilibrium solution of system (25)- (34) when the exterior forces are vanishing f = 0 and Ψ ext = 0. However, the surface charge density Σ * is not assumed to vanish or to be small. This equilibrium solution will be a reference solution around which we shall linearize system (25)- (34) in the next section. Then we will perform the homogenization of the (partially) linearized system in Section 7. We denote by n 0,ε i , Ψ 0,ε , u 0,ε , w 0,ε , p 0,ε the equilibrium quantities. By definition equilibrium solutions do not depend on time. Looking for equilibrium solutions is a classical problem which leads to the Poisson-Boltzmann equation. It can be found in [32] or, in our homogenization context in [22] , [6] . The new contribution here is the determination of the equilibrium elastic displacement.
In the case f = 0 and Ψ ext = 0, one can find an equilibrium solution by choosing a zero fluid velocity and forcing all diffusive fluxes to be equal to zero (there maybe other equilibrium solutions since we don't know of any uniqueness result for the nonlinear system (25)- (34)). More precisely, we require
which obviously implies that j 0,ε i = 0 and (33)- (34) are satisfied. From ∇ ln
The value n 0 j (∞) is the infinite dilute concentration which will be later assumed to satisfy the bulk electroneutrality condition (38) for zero potential.
Then the electrostatic equation (31) reduces to the Poisson-Boltzmann equation which is a nonlinear partial differential equation for the sole unknown Ψ
From a physical point of view, it is desired that the solution of (37) vanishes, i.e., Ψ 0,ε = 0, when the surface charges are null, i.e., Σ * = 0. Therefore, following the literature, we impose the bulk electroneutrality condition
The existence and uniqueness of a solution to problem (37) , under condition (38) , is proved in [6] , [21] . The L ∞ -bounds for the solution were established in [8] . We also assume a periodic distribution of charges Σ * ≡ Σ * (x/ε). Then, by periodicity of Ω ε and by uniqueness of the solution Ψ 0,ε of the Poisson-Boltzmann equation (37), we have
where n
and Ψ 0 (y) is the periodic solution for the cell Poisson-Boltzmann equation At equilibrium, the pressure in Stokes equations (26) (corresponding to a zero velocity) is given (up to an additive constant) by
thanks to (14) and the fact that ∂u 0,ε ∂t = 0. It remains to calculate the equilibrium displacement which is our new contribution. As already said in Remark 2, we restrict ourselves to the case F ε ≈ I. The equilibrium displacement problem (28) , (29), (30) has a non-trivial solution because of the Maxwell stress and the osmotic Donnan pressure p 0,ε which appear in the fluid stress tensor and thus on the Neumann boundary condition (30) . It was first studied by Moyne and Murad [26] . Following their lead, and since the fluid stress tensor is a periodic function, we find that the displacement is of the type
where
It is easy to check that u 0,ε , defined by (43) , satisfies the equations (28), (29) and the interface condition (30).
Lemma 5. Problem (44)-(45) admits a solution u
1 π ∈ H 1 (Y s ) d ,
unique up to the addition of a constant vector.
Proof. It is a classical result [26] . Existence is deduced from the Fredholm alternative since the non-homogeneous Neumann boundary data has zero average on S = ∂Y s \ ∂Y . To check this last point, use Stokes divergence theorem and (14).
Linearization
We now proceed to the linearization of the electrokinetic equations (25)- (34) around the equilibrium solution computed in Section 4. We therefore assume that the external forces, namely the static electric potential Ψ ext (x) and the force f (x), are small. However, the surface charge density Σ * on the pore walls is not assumed to be small since it is part of the equilibrium problem studied in Section 4. Such a linearization process is classical in the ideal case and for a rigid porous medium (see the seminal paper [32] by O'Brien et al.) but it is new and slightly more complicated for the filtration through a deformable medium. For small exterior forces, we write the perturbed electrokinetic unknowns as by n
At equilibrium the ionic potential vanishes Φ 
Introducing (48) into (25)-(34) and using (46), linearizing (i.e. making a first-order Taylor expansion) yields the following equations
where, for convenience, we introduced a global pressure P
It is important to remark that now, even after the global pressure P ε has been introduced, δΨ ε enters equations (51)-(55) and thus is coupled to the main unknowns δu ε , P ε and Φ ε i (contrary to the case of a rigid porous medium). It remains to write the linearized equations for the displacements. By linearization of (16), (18), we obtain
Because the forcing term f * appears in both the fluid and solid equations, while the normal stress is continuous at the fluid-solid interface, and since the boundary conditions are of periodic type, the force must satisfy the following compatibility condition ∫
6 Choice of the time scale in the linearized model
As explained in Remark 3 we have three time scales in the problem. The goal of this section is to discuss and compare these time scales.
Recall that, according to Table 1 , we have
With our data the value of the Terzaghi time is T T = 1, 52 hours. Our motivation is the study of nuclear waste storage which are buried in some deep geological layers. The worst radioactive waste has a half life of about 10 5 to 10 6 years. Therefore we choose the characteristic time scale to be of this order, T c ≈ 10 5 years. It is clearly much larger than T T which is linked to the vibration period of the fluid-structure system. Our choice T c >> T T simplifies a lot the analysis since the time derivative disappears in the nonlinear model (25) , (27) , but also in the linearized model (51), (52). Then, the structure deformation is weakly coupled to the electrokinetic model. More precisely, we first solve the electrokinetic model (independently of the elastic deformation) and in a second step we compute the elastic displacement which depends on the electrokinetic flow. 
In other words the observation time coincides with the convective time. At least in its early life, the waste disposal will be observed on a yearly basis. Therefore we choose the observation time to be T obs = 1 year ≈ 3.15e7 sec. Looking at the data from Table 1 , we find out p c = 3e5 Pa which implies that L c ≈ 0.15 m. Next, by virtue of (24) we find T d = 0.32e7 sec, which is roughly 1 month. Thus, we conclude that T c >> T d , which will be our standing assumption in the sequel. Note that this conclusion would be the same if we had chosen the observation length L c to be of the order of the size of a single waste package (typically 1 m). With the chosen scaling T c >> T d we are back to the results of the articles [6] and [7] . The swelling of the elastic structure is calculated a posteriori.
Remark 6. Another possible scaling of time is T c ≈ T d (it could correspond, for example, to identify T c with T obs ). In such a case, there is still a weak coupling between the deformability of the structure and the electrokinetic system. However, this case is more complicated than the previous one (T c >> T d ) because equation (49) for the potential perturbation δΨ ε remains coupled to the ionic potential equation (53).
The above discussion shows that by neglecting all terms multiplied by the factors T T /T c and T d /T c , we obtain a simplified system in lieu of (51)-(55).
Lemma 7. Assume that the physical parameters are such that T T << T c and T d << T c . In the limit when the ratio T T /T c and T d /T c vanish, system (51)-(55) simplifies to
−div
The decoupled system (61)-(65) is exactly the one obtained in the case of a rigid porous medium, studied in [6] . Therefore, the deformation of the porous medium is weakly coupled to the electrokinetic flow since we first homogenize (61)-(65) and later homogenize (49)-(50) for δΨ ε and (57)-(59) for the solid displacement δu ε .
Homogenization of the decoupled electrokinetic system
The homogenization of (61)-(65) is completely identical to that of the electrokinetics system for a rigid porous medium. It was already performed in our previous work [6] and we merely recall its results for the sake of completeness. We first recall the variational formulation of (61)-(65) which relies on the following functional space for the velocity
and for the ionic potential
Introducing a bilinear form a(·, ·) and a linear form L(·), it reads: find w ε ∈ H ε and {Φ
for any test functions ξ ∈ H ε and {ϕ
Lemma 8. (see [6] ) Let E * and f * be given elements of 
) .
All unknowns (velocity, pressure and ionic potentials) are merely defined in the fluid part Ω ε of the porous domain. It is convenient to extend them to the whole domain Ω. For simplicity we keep the same notation for the functions in Ω ε and their extensions in Ω. This is not difficult for the velocity w ε which we extend by 0 in the solid part. For the ionic potential Φ ε j we use the extension operator introduced in [1] and which is uniformly bounded from
For the pressure field we use the extension proposed in [41] (see also [5] ).
In the present periodic setting the appropriate convergence is the two-scale convergence [4] , [31] . We just recall its definition.
w(x, y)φ(x, y) dy dx
Using the a priori estimates and the notion of two-scale convergence, we were able to prove in [6] our main convergence result for the solutions of system (61)-(65). [6] ) Let n 0,ε j be given by (39) 
Theorem 10. (see
, {w ε , {Φ ε j } j=1,.
..,N } be the variational solution of (66) and P ε be the corresponding pressure in (61). Then there exist limits (w
) N such that the following convergences hold
the unique solution of the corresponding two-scale homogenized problem.
We do not give the detailed two-scale homogenized problem (see [6] if necessary) but we rather give the following decomposition of those limits in Theorem 10 which still depend on the microscopic variable y, as proved in [6] ,
where we introduced two family of cell problems, indexed by k ∈ {1, ..., d}. We denote by {e k } 1≤k≤d the canonical basis of R d . The first cell problem, corresponding to the macroscopic pressure gradient, is
The second cell problem, corresponding to the macroscopic electric field, is for each species i ∈ {1, ...
where δ ij is the Kronecker symbol. As usual the cell problems are complemented with periodic boundary conditions. We now average (72)- (73) with respect to y in order to get a purely macroscopic homogenized problem. To start with, we recall our definition of the chemical potential µ ε j = µ 0,ε j + ln n ε j which is the scaled version of (3). Following Remark 1 in [6] , it turns out that, for the homogenized problem, it is better to use the total electrochemical potential defined by
Its small perturbation is thus
Next we introduce the ionic flux of the jth species
where E * = ∇Ψ ext, * . We then define their averages which will be the effective quantities
Note that, for the ease of reading, we dropped the δ prefix. We are now able to write the homogenized or upscaled equations for the above effective fields.
Proposition 11.
(see [6] ) Define the gradient vector of pressure and total chemical potentials, 
where the overall tensor M is symmetric positive definite, defined by
The blocks of M are defined by
The tensor K is called permeability tensor, and D ji electrodiffusion tensors. The symmetry of the tensor M is precisely the famous Onsager's reciprocal relations (see Proposition 3 in [6] ). [6] we also established the following strong convergences:
Remark 12. Besides the standard convergences of the microscopic variables to the effective ones, in
lim ε→0 ∫ Ω ε w ε (x) − w 0 (x, x ε ) 2 dx = 0 and lim ε→0 ∫ Ω ε ∇ ( Φ ε j (x) − Φ 0 j (x) − εΦ 1 j (x, x ε ) ) 2 dx = 0.
Homogenization of the potential perturbation δΨ ε
Once the main electokinetics system (61)-(65) has been homogenized, we now turn to the equations (49)-(50) for the potential perturbation δΨ ε . The corresponding variational formulation is: find
for any test functions φ ∈ H 1 # (Ω ε ). Note that, in (85), the functions n 0,ε j are periodic coefficients, already determined by the equilibrium solution (39) . Taking φ = δΨ ε in (85) we obtain an energy equality from which it is straightforward to prove the following a priori estimate. 
Using the a priori estimates, the notion of two-scale convergence, and recalling that, by virtue of (39), the functions n 0,ε j are periodic, we are able to prove our main convergence result for the solutions of system (49)-(50). 
Again, it is important to separate the fast and the slow scale. To this end, we introduce the cell problems
which admits a unique solution by application of the Lax-Milgram lemma. Furthermore, by summing these problems over j, we easily deduce that
and by the maximum principle we deduce
Finally, we obtain the strong convergence of this sequence.
Proposition 15.
The following strong two-scale convergences hold
Proof. This is an easy consequence of the following energy convergence
and of the notion of strong two-scale convergence [4] . The energy convergences are obtained by simply passing to the limit in (85) with the test function δΨ ε and using the weak lower semi-continuity of two-scale convergence.
Homogenization of the displacement perturbation δu ε
It remains to homogenize the linearized equation for the displacement. To simplify the notations in this section, we denote by u ε the perturbation δu ε . We recall equations (57)-(59):
In the boundary condition (94) we used the fluid stress tensor defined by
which is the linearization of the fluid stress tensor σ f,ε , defined by (25) . The corresponding variational form is: find
for any test
As in the scalar case, it is comfortable to work with functions defined on the entire domain Ω. The same H 1 -extension works for vector valued functions in periodic perforated domains (see [33] , Sec. 4, Chapter 1). According to Theorem 4.2 in [33] , there exists an extension operator
In the sequel we identify u ε and its extension Π ε (u ε ) and we omit writing the extension operator. The homogenization of linearized elasticity systems, like (93)- (95), is a standard problem (see e.g. [39] ). The originality here is the non-homogeneous Neumann boundary condition, which couples the elasticity problem with the electrokinetic system. 
Proof. For a smooth L-periodic test function φ, by using Stokes divergence theorem we rewrite ∫
where we used equation (61) in the fluid domain. Therefore, the variational formulation (97) becomes ∫
Hence, using the compatibility condition (60), we find out that the Fredholm alternative is satisfied and problem (97) admits a solution
, unique up to an additive constant. Next we choose φ = u ε (or, more precisely, its uniformly bounded extension in Ω) as a test function and obtain the uniform bound for
, it is a unique solution for problem (97). By Korn's inequality it satisfies inequality (98) since σ f 1,ε depends on terms bounded by the right hand side of (98).
Using the a priori estimates and the notion of two-scale convergence, we are able to prove our main convergence result for the solutions of system (93) be given by (39) and u ε be the variational solution of (97). Then there exist
is the unique solution of the two-scale homogenized problem
A(e y (u
Again, it is important to separate the fast and the slow scale. We introduce the following cell problems. For i, j = 1, . . . , d, find vector valued function
and find vector valued function
We need a third type of cell problems, linked to the ionic potentials. For j = 1, . . . , N , find
Due to the periodicity, the problems (107), (108) and (109) have a unique solution with regularity depending only on the smoothness of the geometry. With the assumptions made, w ij , b 0 and κ
Then we have the following scale separation formula
where e ij (u 0 ) is the (i, j)-entry of the strain tensor e x (u 0 ). The effective coefficients are given by
and, for j = 1, . . . , N , 
Proposition 18. The effective equation satisfied by
u 0 is −div x ( A H e x (u 0 ) ) + div x ( (|Y F |I − B H )P 0 − N ∑ j=1 C H,j (Φ 0 j + Ψ ext, * ) ) = f * (x) in Ω,(113)u 0 being L-periodic in x, ∫ Ω u 0 dx = 0.
The fourth-order tensor
Proof. Inserting the value (101) of σ f 1 and (110) into equation (106), averaging in y leads to the effective equation for u 0 . Note that, in (113), the pressure P 0 and the ionic potentials Φ 0 j are like source terms since they have already been determined in Section 7. The proof of the symmetry and positive definiteness of A H and B H is classical (see [39] ). Eventually, (114) is a consequence of the notion of strong two-scale convergence [4] and of the following energy convergence
which is obtained by simply passing to the limit in (97) with the test function u ε and using the weak lower semi-continuity of two-scale convergence.
Assembling the global homogenized problem
The first goal of this section is to assemble the global homogenized system from the previously obtained, decoupled limit equations. Second, we explain how to recover the concentrations from the ionic potentials which have been introduced in the change of variables (47). Third, we give a dimensional version of our results, which may be more useful for the more physically or numerically inclined reader.
We start by collecting the results of the previous sections and writing down the asymptotic behavior of all unknowns in non-dimensional form. These unknowns, defined in Section 3, are the electrostatic potential Ψ ε , the species concentrations n ε i , the convective velocity w ε and the elastic displacement u ε . Their asymptotic behavior is obtained by summing the equilibrium solutions of Section 4 to their small perturbations, homogenized limits of the solutions of the linearized equations of Section 5. These homogenized limits are obtained in Section 7 for the electrokinetic system, in Section 8 for the potential and in Section 9 for the elastic displacement. Furthermore, we recall that our results are obtained under our specific choice of time scaling, explained in Section 6.
Theorem 19. Let Ψ
0 be given by (41) , n (40) The next step is to average, with respect to y, the right hand sides in Theorem 19 in order to obtain the effective or upscaled unknowns. To do so, we introduce some averaged and constant
The superscript "moy" indicates an averaged quantity. We also remark that the equilibrium displacement u 1 π , solution of the cell problem (44)- (45), is defined up to an additive constant. We therefore choose this constant such that ∫
Even if we do not make this choice, the average of the equilibrium displacement is small because it is multiplied by ε in (119). From these definitions, we deduce the macroscopic or effective quantities (in non-dimensionalized form: this is outlined by the "nond" exponent) From a physical point of view, the ionic potentials Φ 0 j are not the most convenient unknowns and one would rather replace them by some effective concentrations. We now explain how to recover the concentrations from these ionic potentials, which were introduced in the change of variables (47), and why the homogenized system (83) cannot possibly be written in terms of concentrations rather than ionic potentials.
As in the proof of Theorem 19, we start from equation (48) which, in the two-scale limit, gives
The limit perturbed potential δΨ 0 (x, y) is a solution of the homogenized equation (86), with the boundary conditions (87) and (88), and is given by (92). We recall the definition (82) of the total electrochemical potential, adapted here to the homogenized potentials
From (126) and (127) we deduce
Averaging (128) on the unit cell yields
where N ij is defined by (120). Introducing the matrix A = (a ij ) defined by
we recover the perturbed concentrations from the homogenized electrochemical potential
The key point, which prevents the use of the unknown δn in lieu of µ 0,T , is the following lemma.
Lemma 20. The matrix A is symmetric and not invertible. Furthermore, in the limit β → +∞ A is non-negative and its kernel is of dimension one.
Proof. By virtue of (91) we know that the solutions ξ j (y) are not independent. From (91) we deduce
In other words, the vector (z 1 , ..., z N ) belongs to the kernel of A which is thus not invertible.
In view of definition (120) of N ij , one can check that the matrix A satisfies
, which proves the symmetry of A. In the limit as β → +∞, we now prove that the matrix A is non-negative and that its kernel is reduced to the vector (z 1 , ..., z N ). Indeed, for β = +∞ one find
By Cauchy-Schwarz inequality we deduce
which proves that Aλ · λ ≥ 0 and equality can happen only in the case of equality in the CauchySchwarz inequality which is equivalent to the vector (λ j √ n 0 j ) being parallel to (z j √ n 0 j ). In other words, the kernel of A is reduced to the vector (z 1 , ..., z N ). We also introduced the dimensional Darcy permeability tensor K D = ℓ 2 K and the Gassmann elasticity tensor A G = ΛA H . Then, we deduce
div x w eff = 0 and div x j eff j = 0 in Ω,
We recall that Biot equation (129) for the effective displacement is decoupled from the rest of the system. Because of our scaling assumption from Section 6, our model corresponds to the long time behavior and it is static.
A convenient ALE formulation
In this section we explain how to couple the fluid and solid equations in a consistent manner. We use an ALE (Arbitrary Lagrangian Eulerian) formulation which is a classical setting in fluid-structure interaction (see e.g. [15] , [36] , [37] , [45] ). We first explain the coupling in full generality and then restrict our attention to small deformations of the solid skeleton of the porous medium, in order to recover the setting of Section 2.
The equations describing the deformation of the solid skeleton are usually written in Lagrangian coordinates. Let Ω s (0) be the initial solid skeleton configuration and Ω s (t) be its shape evolving with time t. We denote by u s the solid skeleton displacement in Lagrangian coordinates, which is defined in Ω s (0). The fluid-solid structure interface is denoted by Γ(t). At the interface we write the velocity continuity condition ∂u
where the fluid velocity is taken at a point x ∈ Γ(t) and at instant t, but the time derivative of the solid displacement u s should be taken at the position where that point x was initially. Since the fluid part Ω p (t) = Ω \ (Ω s (t) ∪ Γ(t)) varies with time, the interface condition (130), as well as the contact force continuity, are nonlocal and the formulation gets unclear.
Our remedy is to use the following framework.
(i) We assume that the solid displacement u s is smooth and can be smoothly extended to the pore space Ω p (0).
(ii) Following [15] , [36] , [37] , we use Stokes equations in ALE coordinates (also called the "practicable ALE fluid problem in a fixed domain" in [45] ).
(iii) We consider the coupled problem consisting of the Navier equations of linearized elasticity and a particular arbitrary Lagrangian-Eulerian formulation for the flow.
The main advantage of this framework is to have fixed interfaces. Hence we use the Lagrangian formulation for the solid skeleton Ω s . Let us denote by ξ ∈ Ω s (t) the Eulerian variable and by x ∈ Ω s (0) the Lagrangian variable (our notations are not the usual ones because we end up with a Lagrangian formulation and for simplicity of notations we prefer to use the letter x rather than ξ). The solid displacement is u s = ξ − x. As already stated, we suppose it smooth and having a smooth extension to the initial pore space Ω p (0). Next we introduce the deformation gradient F = ∇ x ξ and its Jacobian determinant as
After [36] , or section 2.1 in [45] , the momentum equation in Lagrangian formulation reads where σ s is the stress tensor of the solid phase and A is a 4th order symmetric positive definite tensor. As usual, we assume an isotropic tensor, A ijkl = 2µδ ik δ jl + λδ kl δ ij , where µ and λ are the Lamé moduli. 
Finally, for the ion concentrations we have
. . , N,
After writing the complete pore level fluid-structure problem in this ALE Lagrangian formulation, we rely on the data of Table 1 (see Remark 2) to conclude that F ≈ I and J ≈ 1. Therefore equations (131) to (132) simplify in the equations given in Section 2.
